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Abstract

The dramatic increase in life expectancy in most industrialized countries has been accom-
panied by a similarly striking compression in the variance of ages at death. We show that
mortality variation in later life has nonetheless followed a contrasting pattern, with survivors
to older ages becoming increasingly heterogeneous in their mortality risk. We argue that
delayed mortality selection may be a result of ongoing improvements in survival at younger
ages, and investigate the extent to which frailty models that account for changes in popu-
lation composition over time capture both the temporal trend and age-pattern of mortality
variability. We incorporate gamma-distributed frailty into a Siler trajectory representing the
mortality hazard across the lifespan, and use maximum likelihood methods to simultaneously
estimate the parameters of the resulting model. Our findings indicate that the distribution
of frailty at older ages has been growing as survivorship increases, potentially accounting for
the observed variability patterns.



Introduction: The Age-Pattern of Variability Trends

Over the past century, the dramatic increase in life expectancy in most industrialized countries
has been accompanied by a similarly striking reduction in the variance of ages at death.
Numerous indicators are available for characterizing variability in the distribution of deaths
(Wilmoth and Horiuchi 1999; Cheung et al. 2005), including measures that explicitly focus
on aging populations by conditioning on survival past childhood. While conditional measures
exclude some information on deaths at younger ages (Robine 2001) they are advantageous in
revealing patterns in mortality variation that are otherwise obscured by measures weighted
towards early life (Edwards and Tuljapurkar 2005).

Using life tables from national populations with at least five decades of data (Human
Mortality Database 2009), we examined variability patterns in the complete distribution of
ages at death as well as in distributions conditioning on survival to successively older ages.
The standard deviation of the mortality distribution for survivors to age a at time t is the
square root of the variance, and is given by:

sa,t =

√∫ ω
a (x− a)2d(x) dx

l(a)
− (ea)2, (1)

where x represents age at death and the life table function describing the distribution of
deaths by age is denoted by d(x). For the distributions conditional on survival to age a,
remaining life expectancy is ea, and l(a) represents the population of survivors to age a.
Finally, ω is the last age attained by a person in the life table. For the HMD life tables
used in this analysis, ω = 110, and all deaths at or above age 110 are included in this final
category. Note that this general formula applies to the complete (unconditional) mortality
distribution when a = 0. Figure 1 traces the trend over time in s0, s10, s50, and s75 in 24
countries, highlighting the trajectory of Sweden.

In order to juxtapose trends in each measure on a single scale, we standardized each
age-specific standard deviation sa,t in year t to its value in 1900, when variation in the full
mortality distribution began its visible decline and tracked the trend in the relative ratio,
ra,t, given by:

ra,t =
sa,t
sa,1900

(2)

Figure 2 illustrates the full range of age-specific trends for Swedish females using a filled
contour plot. The division of the plot into distinct upper blue and lower red segments demon-
strates that variability trends proceed in opposite directions for the young and old. While the
distributions including younger people are becoming increasingly homogeneous, distributions
encompassing only the growing older population show rising heterogeneity, especially among
the oldest old.

Given that mortality rates have been declining at all ages including the oldest (Rau et
al. 2008) why has the variation in later-life mortality not followed the temporal pattern of
variation in overall mortality? Combining observations about historical mortality transitions
with concepts of selection and heterogeneity gives rise to the expectation that, in cohorts
experiencing lower mortality at younger ages, a larger proportion of vulnerable individuals
will survive to later ages. This, in turn, may be reflected in the growing variability of mortality
within the older population. Because the trends at any given age may be a function of changes
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in the composition of successive cohorts reaching that age, we use frailty models and cohort
life tables in the analyses described below to explore changes in unobserved heterogeneity
over time as a potential explanation for the puzzling age pattern in the variability trends.

The Siler Mortality Trajectory

We assume mortality on the individual level follows a Siler (1979) trajectory. We chose this
model, rather than the more commonly used Gompertz (1825) because the latter includes in-
formation only on adult mortality, whereas the Siler model includes an exponentially declining
hazard describing mortality in childhood, an exponentially increasing hazard characterizing
mortality in adulthood, and a constant background component. Representing the full age
range is key for our purpose, because we are primarily interested in how reductions in early
life mortality influences the distribution of frailty and the subsequent variation in later-life
mortality. The Siler model is given by:

µ(x) = α1e
−β1x−ρ1 + α2e

β2x−ρ2 + α3e
−ρ3 . (3)

where the α constants describe the hazard levels and the β parameters represent fixed rates of
mortality decline and increase over age. The three ρ parameters represent mortality change
over time in each of the three components of the Siler model. Note that the cumulative
hazard function H(x) under a Siler model is given by:

H(x) =
−α1

β1
(e−β1x−ρ1 − e−ρ1) +

α2

β2
(eβ2x−ρ2 − e−ρ2) + α3e

−ρ3x. (4)

Modeling Changing Frailty

By introducing parameters meant to reflect individual differences in vulnerability, frailty
models (Vaupel et al. 1979, Vaupel and Yashin 2006) address variance more explicitly than
models focusing solely on the age trajectories of mortality hazards. Tuljapurkar and Edwards
(2009) demonstrate that adding gamma-distributed frailty to the Gompertz model amplifies
the calculated variance in age of death, capturing the observed trend more accurately than
the standard model. Still, they note that “temporal change in frailty has not been a feature
of mortality models.”

Changes in the distribution of frailty during the course of mortality transitions are, how-
ever, predicted by the theory of heterogeneity (Vaupel et al. 1979, Vaupel and Yashin 1985).
In particular, progress in reducing past mortality rates allows a greater proportion of indi-
viduals (including frail ones) to survive to older ages, resulting in a population that is frailer
on average than the past population. Note that this expansion of frailty should become es-
pecially apparent at older ages (when survival changes are substantial enough to alter the
population composition), and only if progress in reducing mortality at older ages is not suf-
ficient for counterbalancing the effect of improved survival at younger ages. A steady but
slow pace of survival improvement at older ages may have fostered a dynamic with gradu-
ally declining mortality rates at older ages and variability trends that hint at the changing
population composition.

We thus examine the connection between frailty in mortality and variance in length of
life, with special attention to how frailty models of mortality may be able to represent the
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pattern of changes in mortality variability across both age and time. The proportional-hazard
(relative risk) formulation of the frailty model (Vaupel et al. 1979) depicts the age-specific
mortality hazard of any individual at age x with frailty z relative to the hazard of a standard
individual as follows:

µ(x, z) = zµ(x). (5)

Frailty is often assumed to follow a gamma distribution with mean z̄ = κ
λ , and variance

σ2 = κ
λ2 . Under this assumption, mean frailty for a cohort at birth is z̄(0) = 1 while, the

mean frailty for survivors to age x can be expressed as (Vaupel and Yashin 2006):

z̄(x) =
(

1 + σ2
∫ x

0
µ(t) dt

)−1

. (6)

Note also that the observed population trajectory can be shown to be a function of mean
frailty in the population:

µ̄(x) = z̄(x)µ(x). (7)

Combining the Siler model in equation (3) with the gamma-distributed age-specific frailty,
the observed population trajectory of mortality described in equation (7) may thus be rep-
resented via the logistic-like function that we call the Siler-gamma model:

µ̄(x) =
(α1e

−β1x−ρ1 + α2e
β2x−ρ2 + α3e

−ρ3)
1 + σ2H(x)

. (8)

Preliminary Results

Using a binomial likelihood function (where the probability of death is based on the Siler-
gamma model) and life tables for Swedish females, we obtained maximum likelihood estimates
of all the Siler model parameters for the cohort born in 1880 (α1−3, β1−2 and σ2

0. All ρ
parameters are equal to 0). Then, we iteratively ran the optimization procedure for every
5-year mark for cohorts born 1885-1915 to obtain estimates for the ρ parameters of change
over time, as well as for σ2, the heterogeneity parameter.

As anticipated, we find that σ2 is steadily decreasing (suggesting that the level of un-
observed heterogeneity in the full cohort is declining over time) while the ρ parameters are
increasing (indicating that the level of mortality is declining over time). Figure 3 shows the
observed mortality hazard trajectories of the 8 cohorts born 1880-1915, along with the tra-
jectories based on the model and parameter estimates from the Siler-gamma model described
above. We then turn to examine the distribution of underlying frailty by age.

Figure 4 presents trends in the mean and variance of the frailty distribution across both
time and age. The trajectory of mean frailty z̄(x) very much resembles the survival curve.
With age, z̄(x) declines as frail individuals drop out of the cohort. On the other hand, as in
the survival curve, we see a rectangularization of the age trajectories over time (i.e. across
successive cohorts). In this context, the rectangularization means that at every age, mean
frailty is actually somewhat higher in more recent cohorts than in the past ones, as it drops
off more slowly as a function of reduced mortality selection. We do not, however, see the
same pattern in the variance trajectories, which do not appear to change very much with age.
Recent cohorts display even less change over age than past ones. Furthermore, the variance
at every age is unequivocally lower for more recent cohorts than older ones.
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Figure 5 displays the contraction of the frailty distribution within four cohorts – those
born in 1880, 1890, 1900, and 1915 – from age 0, through ages 45 and 65, and up to 75.
Note that each frailty distribution curve is normalized to a probability mass equal to the sur-
vivorship proportion at age x, l(x). Each figure was prepared using the procedure described
by Manton et al. (1981) and using the coefficient of variation estimated via the Siler-gamma
model discussed above. Manton et al. (1981) showed that within individual cohorts, the
distribution of frailty contracts with age, as selective mortality removes the frailest from the
population and leaves a more homogeneous group of robust survivors. Here, we see that
the shape of the distribution changes across cohorts, with the distribution becoming more
concentrated for later cohorts - in line with the idea that the full cohorts are becoming
more homogeneous in their decreasing mortality risks over time. Furthermore, there is also
a change in the age pattern of contraction within each cohort - while in 1880 there was a
relatively big gap between the distribution at age 0 and at age 45 (since many members of the
cohort were removed), this gap, as well as those between successive ages, is getting smaller.

Figure 6 shows the implications of these cohort changes for the period trends observed in
Figures 1 and 2. Here, each age-specific plot indicates that the mode of the frailty distribution
has shifted to the right, indicating slightly higher mean frailty at every age, even while the
distributions seem more concentrated around this mode than in the past.

Our initial results thus support the conclusion that the distributions of frailty – char-
acterizing unobserved heterogeneity in the population – are changing and becoming more
peaked and centered around a mean frailty of 1. As these more homogeneous cohorts age,
mortality removes relatively fewer individuals at younger ages, leading to a less-selected older
population. This characteristic potentially manifests in the observed increase in mortality
variability at older ages.

Next Steps

Mortality declines at every age potentially lead to a less selected older population, and this
paper aims to trace the extent to which life tables that span the course of 20th century
demographic transitions provide evidence in support of this hypothesis. After conducting
a sensitivity analysis to examine the influence of various baseline years on our parameter
estimates, we will test the evidence for a cycle of influence whereby reductions in early life
mortality rates influence the later distribution of frailty, which in turn influences later mor-
tality variability among the old. These analyses will be conducted for all national populations
in the HMD with a sufficiently long time-series of cohort life tables, including the nations of
Scandinavia, Northern and Western Europe, Australia, New Zealand (non-Maori), the U.S.
and Canada. Analyses will be conducted separately for men and women and compared.
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Figure 1a. Trends in standard deviations of mortality distributions for females: full population 

(s0) and survivors to ages 10 (s10), 50 (s50), and 75 (s75). Calculated using life tables from 23 

national populations, 1850-2006. Trends for Sweden are highlighted.  

 

 

 

Source: HMD 2009. 

 

 
 
 

Figure 1:
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Figure 2: Trends in age-specific standard deviations of the mortality distribution relative to
their 1900 values. Calculated using life tables for females in Sweden, 1900-2006. Color is
assigned according to the ratio of the standard deviation in the distribution of mortality for
survivors to a given age (y-axis) in a given year (x-axis), relative to the age-specific value in
1900. White represents a ratio of 1 (no change); successively darker blues represent declining
values less than 1; successively darker reds represent increasing values greater than 1. Source:
HMD 2009.
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1880-1915

9



0.0 0.5 1.0 1.5 2.0 2.5

0.
00

0.
05

0.
10

0.
15

Age 0

Fractile Z

Pr
ob

. d
en

si
ty

1915
1900
1890
1880

0.0 0.5 1.0 1.5 2.0 2.5
0.

00
0.

05
0.

10
0.

15

Age 45

Fractile Z

Pr
ob

. d
en

si
ty

1960
1945
1935
1925

0.0 0.5 1.0 1.5 2.0 2.5

0.
00

0.
05

0.
10

0.
15

Age 60

Fractile Z

Pr
ob

. d
en

si
ty

1975
1960
1950
1940

0.0 0.5 1.0 1.5 2.0 2.5

0.
00

0.
05

0.
10

0.
15

Age 80

Fractile Z

Pr
ob

. d
en

si
ty

1995
1980
1970
1960

Change in the distribution of frailty for Swedish females born 1880!1915

Figure 6: Changing distribution of age-specific frailty across cohorts

10



References

[1] Cheung S.L.K., J.M. Robine, E.J.C. Tu, and G. Caselli. 2005. Three dimensions of the
survival curve: horizontalization, verticalization, and longevity extension. Demography
42(2): 243-252.

[2] Edwards, R., and S. Tuljapurkar. 2005. Inequality in life spans and a new perspective
on mortality convergence across industrialized countries. Population and Development
Review 31(4):645-675.

[3] Gompertz B. 1825. On the nature of the function expressive of the law of human mor-
tality and on a new mode of determining the value of life contingencies Philosophical
Transactions of the Royal Society of London B Biological Sciences 115: 513-585.

[4] Human Mortality Database. 2009. University of California, Berkeley (USA), and Max
Planck Institute for Demographic Research (Germany). Available at www.mortality.org
or www.humanmortality.de (data downloaded on [2/4/2009]).

[5] Manton K.G., Stallard, E. and Vaupel J.W. 1981. Methods for comparing the mortlity
experience of heterogeneous populations. Demgoraphy 18(3):389-410.

[6] Oeppen J, Vauepl J.W. 2002. Broken limits to life expectancy. Science 296: 1029-1031.

[7] Rau, R. E. Soroko, D. Jasilionis, J.W. Vaupel. 2008. Continued reductions in mortality
at advanced ages. Population and Development Review 34(4):747-768.

[8] Robine JM. 2001. Redefining the stages of the epidemiological transition by a study
of the dispersion of life spans: The case of France. Population: An English Selection
13:173-94.

[9] Siler, W. 1979. A competing risk model for animal mortality. Ecology 60(4):750-757.

[10] Tuljapurkar, S., and R. Edwards. 2009. Variance in death and its implications for mod-
eling and forecasting mortality. NBER Working Paper No. 15288.

[11] Vaupel J.W., Manton K.G., Stallard E. 1979. The impact of heterogeneity in individual
frailty on the dynamics of mortality. Demography 16(3): 439-454.

[12] Vaupel J.W. and A. I. Yashin 1985. Heterogeneitys ruses: Some surprising effects of
selection on population dynamics. The American Statistician 39(3); 176-185.

11



[13] Vaupel J.W., Yashin A.I. 2006. Unobserved population heterogeneity. In: Caselli G,
Vallin J and Wunsch G, eds. Demography: Analysis and Synthesis. A Treatise in Popu-
lation Studies Volume 1. Elsevier, p. 271-278.

[14] Wilmoth JR, Horiuchi S. 1999. Rectangularization Revisited: Variability of age at death
within human populations. Demography 36(4):475-495.

[15] Yashin AI, Arbeev KG, Akushevich I, Kulminski A, Akushevich L, Ukraintseva SV. 2008.
Model of hidden heterogeneity in longitudinal data. Theoretical Population Biology 73:1-
10.

12


